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Big bang/crunch curvature singularities in exact CFT string backgrounds can be removed 
by turning on gauge fields. This is described within a family of ■^-^(^)^^'^^^(^)^^^'^(^)^ quotient 
CFTs. Uncharged incoming wavefunctions from the "whiskers" of the extended universe 
can be fully refiected if and only if a big bang/crunch curvature singularity, from which 
they are scattered, exists. Extended BTZ-like singularities remain as long as U{l)x is 
compact. 
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1. Introduction 



Studies of tlie propagation of strings in time-dependent backgrounds have highlighted 
several basic issues. One is related to the possibility that extended objects such as strings 
may propagate beyond space-like singularities. Another concerns the manner one may 
embed a compact cosmology in an allowed perturbative string background. A third re- 
lated issue involves the appropriate boundary conditions to be imposed in the presence 
of such singularities. A way to evaluate an entropy in string cosmology was addressed as 
well. These difficult issues were investigated in exact perturbative CFT backgrounds. 
The first issue was addressed in two types of CFT backgrounds. One set of string 
backgrounds consists of orbifolds of IR^''^"^ [|,|,|J,|J|,0@J|,|ig,0P,|13|,|I|,|l|,|6|,|l3,|18 



Such space-times are flat away from the singularities. In the second class of CFT back- 
grounds [|T|,|0|,|21|,|2|,|3|,|2|J2|,|6|,|2^, gauged WZW models J2|,|9|,|0|,|31|,|2l which involve 



AdSs ~ SL{2, IR), there are two types of singularities. The first is also of an orbifold nature 
in these cases either an IR^'^/Boost or an extended BTZ-like singularity p3| , |3^ , |35| . [3^ , |37 | 



whose global structure is that of AdS. The second is a Ricci curvature singularity where 
also the dilaton diverges. In what follows we focus on the quotient CFT background 



investigated in |25 



The attitude taken in these studies was to assume the validity of string perturbation 
theory, and to compute physical quantities by standard worldsheet techniques. Several 
intriguing results emerged [^Sf . Strings were found to propagate through these singularities. 
Each expanding universe is connected to a pre collapsing universe at their corresponding 
big bang/crunch singularities - a pre big bang scenario (for a review, see [0). Moreover, 
the compact cosmological models were found to be accompanied by static "whiskers," 
which have a non-compact direction with a space-like linear dilaton. In the whiskers an 
S'-matrix setup is possible. Boundary conditions can be set in a weak coupling asymptotic 
regime, determining the boundary conditions at the singularities. The entropy was found 
to be significantly reduced (relative to other theories with global AdS structure or with 
an asymptotic space-like linear dilaton). The whiskers also include closed time-like curves 
and time-like domain wall singularities. 

In this work we present a larger class of models in which compact cosmologies are 
once again embedded in a non-compact space-time which includes whiskers. In this fam- 
ily of models one can gradually separate the curvature singularities from the BTZ-like 
singularities. The big bang/crunch curvature singularity can be removed by pushing the 
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domain wall connected to it towards the boundary of the whisker, leaving behind an ex- 
tended BTZ-like singularity at the times when a compact universe meets a whisker. The 
nature of the singularity may play a role in the important question regarding the valid- 
ity of perturbation theory. A general argument is that as the universe collapses, a large 
amount of energy will eventually be concentrated near the space-like singularity, causing 
a large back reaction on the structure of the singularity ||39| , |l4| , p!7[| . As a consequence, this 



may affect the validity of perturbation theory 1T^,|T3 • The extended BTZ-like singularities 
which appear in our family of quotient CFTs have an AdS structure which might affect the 
strength of the back reaction, and as a consequence, the question regarding the validity of 
perturbation theory. 

The time-dependent string background studied in is based on the '^'^^^('i^xL/^i)''^'' 



quotient CFT As mentioned, it consists of a sequence of closed, expanding and 

recoUapsing universes, each connected at its big bang and big crunch singularities to the 
whiskers Observables in this string background are of two kinds. Wavefunctions 

localized near the closed universes correspond to vertex operators in the quotient CFT 
which are exponentially supported at the boundary of the whiskers. On the other hand, 
scattering states correspond to delta-function normalizable vertex operators. From the 
latter, one can construct linear combinations which describe incoming waves prepared 
in a certain whisker and scattered from the big bang/crunch singularities. Generically, 
these waves are partially reflected from the singularity. However, it was found that one 
can always prepare scattering waves which are fully reflected from the singularity. These 
are regular combinations of physical wavefunctions each of which develops a logarithmic 
singularity at the corresponding big bang/crunch. 

In this note, we show that by turning on an Abelian gauge field one can remove 



the curvature singularities in the time-dependent background of pl| , p5l . Removing such 
singularities was done previously by 0{d, d, IR) rotations of '^'^^^('i^xt/'^i)^^'' ^U{l)x in [pSjp^ 
(for a review, see [0). By turning on gauge fields one can remove the big bang and/or 
the big crunch curvature singularities. We show that by gradually turning on a gauge field 
one can "push" a big bang/crunch singularity and the domain wall singularity to which 
it is connected in the whisker (see for details) towards the boundary of space-time. 
For particular values of the gauge field the background has no curvature singularity. On 
the other hand, extended BTZ-like orbifold singularities remain, unless the extra fifth 
dimension U{l)x is non-compact. 



Here we study the cosmology of in the presence of a gauge field by considering 
a three-parameter subfamily of the ^^^"^'^^i fjjj^i^ ^^^^ quotient CFTs. This allows us 
to consider physical vertex operators in such backgrounds. We find that fully refiected 
uncharged wavefunctions exist if and only if there is a big bang or big crunch singularity 
from which they are scattered. 

In section 2, we describe the geometry of the ^^^'^'^'^(^^^Jj/^i'^^ ^^^^ sigma-model and 
the wavefunctions in this CFT background. In section 3, we discuss the singularities, 
their removal, and the corresponding behavior of the wavefunctions. Our main results are 
summarized in section 4. In appendix A, we present the relation between singularities 
in quotient CFT backgrounds and fixed points in the underlying sigma-model under a 
subgroup of the gauged isometry group. 

2. [^L(2,IR) X SU{2) X U{1)]/U{1)^ 
2.1. Geometry 

We construct a 5-dimensional time-dependent background by gauging the WZW 
model of the 7-dimensional 5'L(2,1R) x SU{2) x U{1) group manifold by a non-compact 
space-like U{1) x U{1) subgroup. Let {g,g',x) be a point on the product group manifold 
and let k and k' be the levels of S'L(2,1R) and SU(2) respectively. Here g G S'L(2,IR), 
g' G SU{2) and x denotes a point on the unit circle. The gauge group acts as 

{g,g\xL,XR) ^ (e''^3/v^^e-3/v^^g^pV3/v^^/gzrV3/v^^^^^^//^^^^^//) _ (2.1) 

Since we gauge only out of the three U{1) right-handed generators in ( |2.1j ), the three 

parameters r, r' and r" are not independent but rather are constrained by 

v-r = vir + V2r'+V2,T" = Q, (2.2) 

where y_ is some real 3- vector. The left-handed parameters p, p' and p" in ( p.l|) depend 
linearly on the right-handed r parameters. For an anomaly free gauging this dependence 
has to take the form 

P = Rt, (2.3) 

where p is a 3-vector with p, p' and p" as components, similarly for r, and i? is a 3 x 3 
orthogonal matrix. Apart from k, k' and the radius of the circle parametrized by x, our 
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model depends then on 5 parameters, three of them fixing the matrix R in (|2.3| ), and two 
more fixing the vector v, which is defined by (|2.2| ) only up to a multiplication by a scalar. 

To perform the gauging ( |2.1D one introduces dynamical fields p, r corresponding to 
the parameters p, r, subject to the constraints 

T-v = p-Rv = 0. (2.4) 

The gauged action is then defined by 

1 /• - - (2.5) 

d^z{dp - Rdrfidp - Rdf) . 



2n 

S[g] is the WZW action oi g e SL{2) 



S[g] = ^[jjr{g-^dgg-^dg) -I j Jr{g-^dgf] , (2.6) 

where E is the string's worldsheet and B a 3-submanifold of the group SL{2) bounded by 
the image of E. S'[g'] is similarly defined for the group SU{2), 

S'[g'] = Jjrig'-'dg'g'-'dg') - 1 Jjr{g'-'dg'f] ■ (2.7) 

Finally 



S"[x] = — / dxdx . {2.i 
2t{ 



Apart from the constraints (|2.4|), p and f are independent fields. The action ( |2.5| ) is 
invariant under the gauge transformation ( p.l| ) for the fields g^ g' and x together with the 
transformation 

p^p-p 

: : " (2-9) 

r ^ T — T 



provided that the parameters p and r satisfy the relation ( p.3|) . Using the Polyakov- 
Wiegmann identity one sees that the action ( |2.5| ) depends on p and r only through the 
quantities 

A = ar 
A = dp 

The gauged action has then the form 

S = S[g] + S'[g'] + S"[x] + ^ [ d^zlJ^A + Av^A + A'^J + XA^Rv + 2A^MA] (2.11) 

2n J 



Here, is the row vector (A, A', A") defined in (|2.10| ) consisting of tlie liolomorpliic 
components of the gauge fields of SL{2), SU{2) and respectively, with a similar 

definition for A. is the row vector of the currents, 

= {^/kTr[dgg-^a^l-i^/k'Tr[dg'g'-^a^],2dx) (2.12) 



Similarly, J is 

= {y/kTr[g-^dga^],-i^/k'Tr[g'-^dg' a^\, 2dx) (2.13) 
The 3x3 matrix M in (|2.11|) is of the form. 



^Tr[g-^asgas] O' 

M=\ lTr[g'-^asg'as] 0\+R (2.14) 

1 



A and A are Lagrange multiplyers enforcing the constraint corresponding to (|2.4| ) on A 
and A. 



Since (|2.11|) is invariant under the gauge transformation (|2.1| ) and (|2.9| ), integrating 
out the fields A, A leaves an action depending on g, g', x, invariant under ( |2.1|) . Fixing this 
gauge invariance results in a 5-dimensional sigma-model action containing the geometrical 
information of the resulting space-time. 

Parametrize g as 

g = e"^3(7(^,)e^"' (2-15) 
This parametrization is valid for any matrix g with non-zero elements. The definition of 



the factor g{6i) depends on the region where g is in the SL{2) group manifold [p| , [p5 
Defining 

W = Tr{asgasg-^) (2.16) 

g{Oi) stands for e*^^'^^ in regions of SL{2) for which W satisfies \W\ < 2. The points 
of SL{2) for which W > 2 are divided into 4 regions. There the factor (7(^2) represents 
±e^^2cri Yor the 4 regions where W < -2, g{6s) = ±ia2e^^^''\ At the point 61 = 0, 
W = 2. Here two of the regions parametrized by 62 meet the region parametrized by 9i. 
Similarly, at ^1 = tt the other two regions parametrized by 62 meet the region parametrized 
by 9i. At 6*1 = ^ {W = — 2) two regions parametrized by 6*3 meet the 9i region and at 
9i = ^ the other two 6*3 regions meet the 9i region. The range of 6*2,3 is < 6*2,3 < 00. 
For the group SL{2), 9i satisfies < 6*1 < 2tv. For the infinite cover of SL{2), 9i satisfies 
—00 < 6*1 < 00. 
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Parametrize g' by the Euler angles 



(2.17) 



with < a' < 2n,0 < e' < ^,0 < 13' < n. In these terms the currents in ( pi^ ) and ( pi^ ), 
in regions where \W\ < 2, take the form 



2Vk{da + cos{2ei)dl3),2Vk'{da + cos{2e')dl3'), 2dx 
2Vk{d(3 + cos{2ei)da),2Vk'{dp' + cos{2e')da'), 2dx 



(2.18) 



(2.19) 



In the regions where > 2, in (|2.18|) , (|2.19| ) should be replaced by 162 ■ In the regions 
with W < -2, substitute iOs for 6'i - |. 

Fix the U{1) x U{1) gauge by the condition, 



a = (3 = 



(2.20) 



which is possible wherever the parametrization ( |2.15| ) is valid. The resulting 5-dimensional 
manifold is parametrized by (^i, 9', a', (3' , x). Generically, at points where the parametriza- 
tion (|2.15D is valid the manifold looks like a family of SU{2) x manifolds parametrized 
by the continuous parameter 9i in each of the regions of SL{2) described above. At points 
corresponding to g E SL(2) with vanishing elements, including the points 9i = 0, tt, 



where various regions meet, the gauge fixing (|2.20|) is not complete and has to be supple- 
mented by a gauge condition on the SU (2) or U{1) part. Above these points the SU (2) x 
manifold will be twisted by some extra identification. 

The fixing ( p.20| ) sets the first components of J and J in ( |2.18| ) and (|2.19| ) to zero. 
Substituting (|2.20|) into (|2.11J ) then integrating out A, A, A and A one gets the sigma-model 
action for the 5-dimensional target space as. 



S 



(fz\ - —d9id9i + — (d9'd9' + da' da' + d(3'd(3' + 2cos{29')da' 8(3') + —dxdx 
27r 27r 27r 



TT 



(M-l)2,2 

(M-1 



1 



TT 

1 

TT L 



(M" 



2,3 



is, 2 



1 
1 



(M" 



1 



— iM-^R)2 kVkViM-^ (da' + cosi29')d(3')id(3' -f cosi29')da') 

Vn ' 'J 

{M-^R)2,kVkViM-^]dx{dp' + cos{29')da') 
{M-^R)s,kVkViMf^] {da' + cos{29')dp')dx 



is, 3 



Vm{M-^R) 



iM-'R)s,kVkViM^ 



1,3 



dxdx 



[2.21] 



6 



The dilaton field $, defined such that the string coupling Qs equals e*^, becomes in this 
geometry 

$ = $0 - ^ [log{detM) + log{vm{M-^ R)m,nVn)\ (2.22) 

In regions where > 2, in ( p.21| ) should be replaced by 162- Similarly, in regions where 
W < —2, § — 6*1 should be replaced by 163. 

We focus on geometries which are essentially 4-dimensional, namely, those for which 
the length of the extra circle parametrized by x is constant. This will emerge if the 
parameters of the model are chosen such that the last term in ( |2.21| ), proportional to 
dxdx, vanishes. This happens when we chose the vector v_ of the form 

1;^ = (0,0,1) (2.23) 

This means, by ( p72|) , that no gauging is applied to xr. Note that such a gauging can also 
be applied to heterotic backgrounds where the U{1) symmetry may exist only from the left 
with no right-handed part from the start. Note also that with the choice (p. 231) , in addition 
to the term proportional to dxdx, also the term proportional to [da' + cos(26')df3')dx 
vanishes. The condition ( |2.23| ) selects a 3-parameter family of models parametrized by R. 
The dilaton field of (|2.22|) for this case is 

$ = $0 - -log [1 + i?3,3Cos(2^i)cos(2^') + i?i,icos(2^i) + R2,2Cos{26')] (2.24) 

The action ( |2.21| ) becomes 

S= f (fzi - —deidOi + — ide'de' + da'Ba' + d(3'd[3' + 2cos{2e')da'd(3') + —dxdx 
J (■ 2tx 27V 2tt 

n i{cos{2ei) + cos{2e')){Ri,i + R2,2) + (1 + cos(26'i)cos(26''))(l + i?3,3) 

X + R2,2 + C0s{2e^){l + i?3,3) - e2(*-'^o)(cos(2^i)i?2,3 - i?3,2)(i?2,3 " COs(2^i)i?3,2 

X {da' + cos{2e')df5'){d[5' + cos{2e')da') 
y/k 



TV 



.g2(<i.-$o)(^3 2 - cos{2ei)R2,3)dx{dp' + cos{2e')da')^ 



(2.25) 



where $ is the dilaton field defined in (|2.24| ). 

Expressing the matrix R in terms of the Euler coordinates as 

cos X sin X \ / cos i/j — sin i/j 
^^gX/sgV'/ag^/s ^ I -sin X cos X 1 

1 / V sin ^|J cos ip 




7 



(2.27) 



where {Ii)j^k = ^ijk, we have for the dilaton field 

$ =$0 log[l + cosipcos{29i)cos{29') + {cosipcosxcos(j) — sinxsin(f))cos{29i) 

— {cos^ipsinxsincj) — cosxcos(f})cos{29' 
=$0 - ]:log{cos^9isin^9' 

+ Q^cos^9\cos^9' + }? sir?9\cos^9' + (? si'n^9\sir?9'^ 

where $o = $o — \^og [(1 — cosil)){\ — cos(x — (^))] and 

^2 ^ (1 + cog^)(l + cog(x + </>)) ^2 28) 

(1 — cos'i/')(l — cos(x — ^)) 



2 1 + C0S(X 



1 - cos{x - <P) 

^2 ^ {I + cosi;){l - cosjx + (f))) 
(1 — cos'i/')(l — cos{x " <^)) 

The action in this parametrization is 



(2.29) 
(2.30) 



S = [ (fzi - ^d9id9i + ^ id9'd9' + ^a'^a' + dl3'dl3' + 2cos(2^')5«'5/3') + ^dxdx 
J I 27r 27r 27r 

1 



X 



-(1 + cosip)[cos{29i)cos{29') + 1 + (cos(20i) + cos{29'))cos{x + 
[(1 + cosil;){cos{29i) + cos(x + (/>)) 

— e^'^'^~'^°^ sin^ip{sin(t) — cos{29i)sinx){cos{29i)sin(f) — sinx) 

X (da' + cos{29')d(3'){d(3' + cos{29')da' 



TX 



^2(-i> '^o) gj^^^gj^^^ _ cos{29i)sinx)dx{d(3' + cos{29')da' 



(2.31) 

The coordinates a' and (3' as SU{2) Euler angles are compact, a' + and a' — (3' are 
defined modulo 27r. In regions for which W > 2 replace 9i by z^2- For < —2 replace 
f -^1 by z^3. 

The model of ref. is a special subset of the present family of models, corresponding 
to = TT (a = c = 0). The parameter ct there is related to the present parametrization as 

a = x-(f)-^(b^ = i^^). 

^ T 2 ^ l+sina' 



^ This is the same dilaton as in []23[| (for a review, see 



For large /c, k' and for small radius of the circle parametrized by x, the action ( |2.31j ) 
describes a 4-dimensional space-time parametrized by {9i,9' ,a' , (3'). The 5-dimensional 
metric and antisymmetric tensor read from (|2.31| ) , produce a corresponding 4-dimensional 
structure via the Kaluza-Klein mechanism. The term proportional to dx{dl3' +cos{29')da') 
gives rise in 4 dimensions to a U{1) gauge field which couples to the momentum as well as 
to the winding along the x circle. Equation ( |2.31| ) describes only the patch corresponding 
to \W\ < 2, the full model contains also the other patches which have the same metric 
with 9 1 replaced by i92 or ^ — i93. 

When a = c = the gauge field vanishes, and the 4-dimensional background takes the 
form (for k = k' in regions with \ W\ < 2): 

1,9 ,/,9 ,^/9 6^cot^^' tan^6'i „9 „„x 

-ds^ = -d9l + d9'^ + 2- Y7^d\^_ + — T7^d\\ 2.32 

kb^ 

Sa+,a_ - 52 + tan2 ^1 cot2 ^' ^^'^^^ 

$ = $0 - 1 log(cos2 9i sin^ 9' + 6^ gin^ 9i cos^ 9') (2.34) 

where a'±/3' = A± G [0, 2n) and, again, in regions for which > 2 make the appropriate 
replacement for 9i. This is the one parameter family of 4-dimensional time-dependent 
backgrounds with two Abelian isometries discussed in pT| , |23[] . It describes a series of 
closed, inhomogeneous expanding and recollapsing universes in 1 -f 3 dimensions. At the 
time 6*1 = (modulo tt) there is a big bang singularity, while at 6*1 = ^ (modulo tt) there 
is a big crunch singularity. 

More precisely, at the time ^1 = and on the surface 9' = there is a curvature 
singularity and the dilaton goes to infinity. On the other hand, for generic 9' there is an 
orbifold singularity, and the dilaton is finite. The orbifold singularity is a BTZ-like |]33| , ^ , 
namely, an orbifold of S'L(2,1R) where we identify g ~ e^'^'^ge-''''^, g E S'L(2,1R). i 
Similarly, at the time 9i = n/2 there is a BTZ-like singularity of the axial type g ~ 
gTrcrsf^gTTcrs^ except ou the surface 9' = n/2 where there is a curvature singularity and the 
dilaton blows up. 



These universes are connected to non-compact static "whiskers" [^5| at the big 
bang/crunch singularities. The geometry of the whiskers with W > 2, attached at 9i — 0, 



This can be obtained from the discussion near eq. (3.5) in [p5 |. 
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is described by the metric (|2.32|) with 162 substituted for 61. For any value of 6*1, A_|_, A_ 
this geometry is singular for 6' G [0, ^] satisfying 

cote' = — (2.35) 
tanhe2 

The whisker is static and contains a singular "domain wall," starting at the big bang 
singularity at ^2 = extending to infinity where 62 tends to 00. Crossing this wall in the 
whisker, the role of time is exchanged between A_(_ and A_. Similarly, the whiskers with 



W < —2 are described by the geometry (|2.32|) with ^ — 163 substituted for 9i. Again, 
there is a singular domain wall extending from the big crunch point at ^1 = ^ which is 
the same point as 63 = 0, towards infinity of 6*3, which is described by the equation 

cote' = — ^ (2.36) 
cothe3 

Non-zero parameters a and c ( |2.28| ), ( p.30|) correspond to turning on two components 
of an Abelian gauge field in the universe ( |2.32| ) - ( |2.34| ). Generically, these remove the 
big bang/crunch curvature singularities [p3| , [2^ , as we shall discuss in section 3. Such 
backgrounds can be described by a 3-parameter sub-family of 0(2, 3,1R) rotations of the 
direct product of a two-dimensional black-hole {SL{2, IR) /U{1)) with a parafermion sigma- 
model {SU{2)/U{1)) and a circle (t/(l)) (for a review, see gg). 



2.2. Wavefunctions 

The realization of the model as a quotient of a group manifold enables one to express 
vertex operators in terms of those of the ungauged WZW model [03. A typical vertex 



operator on S'L(2,1R) x SU{2) x U{1) which is unexcited in the g,g' directions but may 
wind around the x circle is of the form 

^m,m',q-Th,rh',q " ^ m ,fh\.g ) ^ m' ,rh' \y )^ l^-'J' J 

Here Kl^ mig) is the matrix element of g ^ S'L(2,1R) in the representation with the value 
+ 1) for the Casimir operator, between states with eigenvalues m and rh for the 
infinitesimal generator corresponding to ias. i ^h'id') is similarly defined for SU{2). 



^ A representation from the continuous series of the infinite cover of 5L(2,]R) is not com- 
pletely determined by the value of j, an additional phase is required to specify it. Also for these 
representations to each value of m corresponds a 2-dimensional subspace; another Z2 variable is 
required to fix a state. In that case K!^ mid) means to depend also on those extra variables (see 



[2§ for details). 
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Applying the gauge transformation ( |2.1| ) to ((7, x) the operator V^-'^, ^.^ ^, - gets 
multiphed by 

(2.38) 



r-/ 



On the coset, only those vertex operators for which this phase equals to 1 are allowed. 
Taking (p.3| ) into account we get a constraint on the allowed charges for a vertex operator. 
In matrix notation this reads 



, m m , , m m 



(2.39) 



Here m', m' are quantized to be half integral and q, q are quantized on the Narain lattice 



3. Removing Singularities 
3.1. Geometry 

As mentioned in section 2, when the gauge field vanishes (a = c = 0) the background 
( p.27|) - ( p.31|) describes a 4-dimensional closed universe ( |2.32|) - ( |2.34| ). This universe 
is singular at ^1 = ^' = (a big bang singularity) and at ^1 = ^' = (a big crunch 
singularity). These singularities can be seen, for instance, by inspecting the behavior of 
the dilaton ( p.27| ) when a = c = 0. Their origin is the presence of points on the group 
manifold which are fixed under a continuous subgroup of the U{1)^ gauge group (see 
appendix A). Singular domain walls, extending into the whiskers, are attached to these 
big bang singularities. The domain walls emerge where the 2-dimensional gauged orbit 
becomes null (see appendix A). Turning on the gauge field generically removes the big 
bang/crunch singularities and pushes the domain walls into the whiskers. Next we discuss 
such singularities by inspecting the dilaton, and describe their relations with fixed points 
under subgroups of the gauged U{1)^. 

The dilaton field ( |2.27| ) is generically regular throughout the region < 2. It 
develops singularities at some special points on the boundary of this region, only for 
some two-dimensional subsets of the three-dimensional parameter space R. At the point 
(6*1,6'') = (0,0) there is a singularity in ( |2.27| ) for matrices R with x + <^ = tt (a = 0). 
At the point {61,6') = (f, §) there is a singularity for x -f (/> = (c = 0). At the 
point {61,6') = (0,^) singularity appears when x — (/> = (a, 6, c ^ 00). Finally, at 
(6*1, 9') = (f , 0) the subset of models with x — ^ = tt (6 = 0) form a singularity. 
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These singularities correspond to the presence of points on the original group manifold 
which are fixed under some continuous subgroup of the U{1)^ gauge group. Thus the 
point {9i,9') = (0,0) corresponds to g{9) = g'{0') = 1. This point is invariant under the 
subgroup of the gauge transformations ( |2.1|) for which p = — r, p' = — r' and p" = 0. This 
is consistent with the condition (|2.3|) only for matrices R for which there exists a vector 
of the form (p, p', 0) which is rotated by R into (— p, — p', 0). This implies that this vector 
is the axis of rotation for the matrix e^^^R. For a matrix of the form e^^^e'^^^e'^^^ the 
condition that the axis of rotation lies in the (1, 2) plane is x + = 0. Hence a singularity 
at the point 9i = 9' = develops only for R with x + ^ = tt. For the same reason the point 
{9i,9') = corresponding to g{9) = g'{9') = ia2 which is fixed by transformations 

with p = T, p' = t' and p" = 0, becomes singular only for models with % + = 0. Similarly, 
the point (6'i, 9') = (0, ^) is invariant under a U{1) subgroup of ( |2.1D only for a matrix R 
which takes the vector (p, p', 0) into (— p, p', 0). The matrix e^^^R has then its axis in the 
(1, 2) plane. This implies the condition x — = on i2. The same reasoning shows that 
the condition for singularity at (6'i, 9') = 0) should be x — = tt. 

Yet smaller families of models correspond to the restrictions i(j = or i(j = n. At 
'0 = the parametrization ( |2.26| ) is redundant, there is no distinction between x and (p, 
rather we have a one-parameter family of angle x + rotations in the (1,2) plane. For 
this family, both the points (0, ^) and 0) are fixed points, hence singular, but not the 
points (0,0) and ^). The models corresponding to i/j = tt {a = c = 0) form another 
one-parameter family of angle x ~ ^ rotations followed by a refiection in the (1, 2) plane. 



In this case, corresponding to ref. [^, both the points (0,0) and (f , f ) are singular but 
not the points (0, ^) and (f ,0). 

In regions where > 2 the dilaton is given by ( ^.24| ) with cos{29i) replaced either 
by cosh{292) (when > 2) or by —cosh{29^) (when W < —2). For a given value of 9' the 
dilaton becomes singular when 

In particular, in models for which 

> |i?3,3| (3.3) 
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there is no singularity in the dilaton in the whiskers with W > 2 for any 02,0' . Similarly 
for W < —2 there will be no singularity if 



3,3 1 



(3.4) 



The condition ( p73| ) is equivalent to 

>}p , < 1 



as can be seen from the relations 



(l + i?2,2)-(i?l,l+^ 



3,3j 



(1 + i?2,2) + (i?l,l + i?3,3) 



(1 - i?2,2) - (i?l,l - R 



3,3J 



(1 - i?2,2) + (i?l,l - i?3,3) 

Similarly, condition ( |3.4| ) is the same as 



c2>l 



(3.5) 

(3.6) 
(3.7) 

(3.8) 



Hence, starting with a cosmological background ( |2.32| ) - ( |2.34| ) specified by the parameter 
6, we can gradually "push," say, a big bang singularity and the domain wall singularity 
to which it is connected in the whisker @ with W > 2 to infinity, by turning on a gauge 
field, parametrized by a, c, keeping |c| < 1 and increasing \a\ till it reaches \a\ = \b\. Once 



condition (3^) is obtained there is no singularity at all in the whisker. A domain wall 
singularity will still exist in the whiskers corresponding to W < —2. The singularities are 
pushed to infinity in all the whiskers for the choice 



RiA — R 



3,3 







corresponding to •i/' = |^ , (/> = in (|2.26| ), or equivalently 



2 1,2 

a = b 



1 . 



(3.9) 



(3.10) 



A particularly simple background emerges when choosing out of the models satisfying 
I the one with 

'0 1 0\ 

R = \ 1 . (3.11) 
10 0/ 



See for details. 
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This corresponds to i/' = = 0, x = ^, or = 6^ = = 1. For this background the 
dilaton becomes constant, $ = $o- The action in the region where < 2 turns out to 
be 

S = f (fz{ - ^dOiBei + ^ (de'Be' + da' da' + dp' 813' + 2cos{2e')da'df]') + ^dxdx 
J I /TT In Ztt 

+^cos{20i)dx{dp' + cos{2e')da')] 

(3.12) 

This corresponds to the ordinary metric and antisymmetric tensor of SU{2) times the 
one-dimensional time-Uke 9i direction times the x circular fibre, with a gauge field. At 
the point = the region > 2 is attached. There also the dilaton is constant and 
the action is (|3.12|) with i92 substituted for 9i. In this region 6*2 is a space-like coordinate, 
while a combination of x,a and /3 becomes time-like. Similarly, another constant dilaton 
whisker parametrized by 9s is attached at = ^. 

We have seen that for a generic R matrix the points fixed by a continuous U{1) 
subgroup of gauge transformations are removed, together with their associated curvature 
and dilaton singularities. Yet the presence of a compact x circle does not remove orbifold 
type of fixed points, namely, points fixed under a discrete, infinite subgroup of gauge 
transformations (see appendix A). Let r be the radius of the circle parametrized by x. The 
gauge parameters p',t' in ( p.l|) are only defined modulo 2n/^/k', while p",t" are defined 
modulo 2nr. The 4-dimensional surface on the SL{2) x SU{2) x U{1) group manifold 
corresponding to g{9) = 1, i.e. ^ = 0, is then invariant under a gauge transformation of 
the form (|2.1j ) for which p = —T,p' = 2nm/\/k',T' = 2nn/Vk',p" = 2nlr,T" = 2nsr, for 
m, n, /, s integers. Such a gauge transformation has also to satisfy (|2.3| ). Our choice ( |2.23| ) 
fixes t" to 0. The matrix R has then to take a vector of the form (r, 27m /y/k', 0) to the 
vector (— r, 27rm/-\/A7, 2nlr). If ry/k' and the elements of R are rational, then there exist 
large enough integers m, n and / which satisfy this condition. Of course, if m, n, I satisfy 
it, so do any multiplication of them by a common integer. Hence the points on the surface 
corresponding to g{9) = 1 are fixed by an infinite, discrete set of gauge transformations. 
Otherwise, if the number ry/k' or some elements of R are non-rational, any point on this 
surface is "almost" a fixed point in the sense that there exists a gauge transformation 
taking it to a point arbitrarily close to itself. A similar surface of fixed, or almost fixed, 
points under a discrete subgroup exists at 6* = 7r/2. However, eq. ( |2.24|) implies that these 
orbifold fixed points do not induce any singularity in the dilaton. 
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The orbifold singularities are BTZ-like [p3|,p3. This can be seen, for instance, in the 



example where the curvature singularities are removed completely, as follows. For 

simplicity, consider the case k = k' . On the whisker, say W > 2, the 4-dimensional slice 
at ^' = 7r/4 has the line element: 

ds^ = k {{da'f + del + cosh^^at^A?. - sinh^^sc^A^ , (3.13) 

where 

A±=/3'±-^x. (3.14) 



This is obtained from eq. ( p.l2| ) with 9i —>■ 162, and at 6*' = 7r/4. The background ( |3.13| ) 



is the same as the "whisker" of an extended BTZ black hole (for instance, compare to eq. 
(37) in [^) times an interval in a' . In particular, the singularity at ^2 = is BTZ-like. 

Finally, we note that when x is non-compact, the orbifold singularities are also re- 
moved. Equivalently, it is the compactification of the fifth direction x which introduces 
the orbifold singularities. When x is non-compact such backgrounds have some similarities 
with the "null brane" orbifolds introduced in 



3.2. Wavefunctions 

The wavefunctions K!!^ mid) develop a logarithmic singularity S if and only if 



m = \m\ 



(see for details). In this subsection we show that singular uncharged wavefunctions 
exist if and only if the closed universes have a big bang and/or big crunch curvature 
singularities. 

If we require m = ffi for a vertex operator with g = g = 0, eq. ( p.39|) implies 
m' = ±rh' . The m' = fh' solution is possible only for a matrix R in ( |2.39|) such that 
takes the vector (m,m',0) into (— m, — m',0). This implies that the axis of rotation of 
the matrix e^^^R^ lies in the (1, 2) plane. For R parametrized as in ( |2.26| ) this condition 
reads x -|- = tt. As discussed in the previous subsection, the geometry corresponding to 
such an R is singular at the point (^1, 6') = (0, 0). Similarly the solution with m' = —fh' 
is possible for a matrix R with % — = 0, which gives rise to a background geometry 
singular at {61,6') = (0, The function Kl^^^{g) for m = fh has indeed a logarithmic 
singularity at 6*1 = (see [^ , [25[] for details). We see then that, when q = q = 0, condition 



^ Recall that in this case a certain Hnear combination [i2| of the wavefunctions is regular and 



describes an incoming wave from the boundary of the whisker which is fuhy reflected [25|. 



15 



( p.39|) allows for a singular behavior of the vertex operator only in the non-generic case of 
a singular background geometry. Under the same condition, q = q = 0, a vertex operator 
with m = —rh must, by ( |2.39| ), have m' = ±m' . This is only possible for an R matrix with 
X — ^ = 7rorx + (/) = 0. Both cases give rise to a background geometry with singularity at 
6*1 = ^. Again, the vertex operator Kl^ ,ff^{g) with m = —m has a singularity at 6*1 = ^. 
The singular operator is allowed only for a singular geometry. 

If q and q are non-zero, one can have m = ±rh together with condition (|2.39| ) for many 
R matrices which give rise to background geometries without big bang/crunch curvature 
singularities. The vertex operator shows then a singular behavior at = or = ^ 
even when at these times there are no curvature singularities. Note however that these 
operators represent Kaluza-Klein ultra-heavy excitations from four-dimensional point of 
view. 



4. Summary 

In this paper we have turned on gauge fields in the four-dimensional family of extended 
universes 



211], (parametrized by = |2T|,|3|,pl ) . This was done within the ex- 



act CFT backgrounds corresponding to ^^('^)k><su{2)i^ixu(i)^ quotients. By a Kaluza-Klein 



l+sin a 
kxSl 

U{l)xUil) 

reduction from five to four dimensions, one obtains a four dimensional time-dependent 
background with an Abelian gauge field (when k, k' are much bigger than the compactifi- 
cation radius of x). 

We found that turning on a generic gauge field (parametrized by (a, c)) results in 
pushing the curvature big bang/crunch singularities and the domain walls connected to 
them towards the boundary of the whiskers. By tuning the gauge field (|a| — > |c| 1) 
the curvature singularities are removed completely and the dilaton is finite everywhere. 

An orbifold singularity similar to an extended BTZ singularity remains at a time 
when a compact universe meets a whisker. On the other hand, if U{l)x is non-compact, in 
which case the time-dependent background is five- dimensional, the orbifold singularities 
are removed. 



Finally, using the methods of |25], we found that uncharged incoming wavefunctions 
from the whiskers can be fully reflected if and only if there is a big bang/crunch curvature 
singularity, from which they are scattered, where in particular the dilaton blows up. 
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Appendix A. Singularities in Quotients 

In this appendix, we explain the relation between singularities in quotient CFT back- 
grounds and fixed points in the underlying manifold under the action of a subgroup of the 
gauged group. 

The motion of a string on a sigma-model background is described by the the action 

d'^zE^^^dx^Bx'' , (A.l) 

where x'^ are some coordinates on the target-space manifold and 

— Gf^^i, + B^^j, . (A. 2) 

Here ds^ = G^^^dx^dx'^ is the line element and B^^jjdx^ A dx'^ a 2-form. A dilaton $o is 
also present. 

Let if be a (i-dimensional isometry group of target-space. The action of H is generated 
by d Killing vector fields i{a)i a = 1, ••, d, which are generically independent. Gauging away 
this action amounts to replacing the action (|A.1| ) by 



a 13 

where, as in section 2, are d gauge fields for the d isometries. Integrating out 

these gauge fields yields the effective E = G + B quadratic form corresponding to the 
gauged sigma-model in the space of orbits in the underlying manifold generated by the 
action of H. Define the d x d matrix 

Mi.)m = ^U^^Am ■ (A.4) 
The Gaussian integration of ( |A.3| ) over the gauge fields gives: 

E^,u = E^^^ - ^£;^,p^j'^)(M-^)(^)_(^),^[^)E^,^ . (A.5) 
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By construction 

for every a, namely, the gauged action is insensitive to motion along the gauge orbits. The 
contribution to the dilaton from this integration is 

$ = $0 - hog{detM) . (A.7) 

At a point on the underlying manifold which is fixed under the action of some continuous 
subgroup of H, the d Killing vectors ^(q,) are not independent. On the orbit corresponding 
to such a point detM = 0, hence both the dilaton $ in (|A.7| ) and the quadratic form E of 
( |A.5|) become singular. 

If the original metric G on the underlying manifold is not positive definite, a singularity 
may occur even for points which are not fixed. At such a point the d Killing vectors are 
independent; no combination of the ^(q) vanishes. Still, some combination ^ = J2a '^(a)^(a) 
may become a non-zero null vector which happens to satisfy ^^E^^^^^^^ = for every a. 
Then again detM = and $ and E become singular. This is the origin of the "domain 
wall" singularities referred to in eqs. ( |2.35| ), ( |2.36| ). 

Unlike the behavior near points fixed under continuous symmetry or near domain 
walls, where the dilaton blows up approaching them, points fixed under a discrete subgroup 
have a different geometrical influence. At least as far as leading behavior in a' is concerned, 
no sign of a singularity is felt arbitrarily close to the fixed point. The singular behavior 
occurs only at the fixed point itself. Such are the orbifold type points discussed in section 
3. 
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